For certain subclasses of L ∞ D , necessary and sufficient conditions characterizing Schatten class Toeplitz operators are also obtained.
Introduction
An easy calculation shows that the derivative of φ a at z is equal to −k a z . It follows that the real Jacobian determinant of φ a at z is
1.5
When |z| → 1, k z → 0 weakly and the normalized reproducing kernels 2 2 , the Mobius invariant measure on D. Let L H be the set of all bounded linear operators from the Hilbert space H into itself, and let LC H be the set of all compact operators in L H .
Often it is not easy to verify that a linear operator is bounded, and it is even more difficult to determine its norm. No conditions on the matrix entries a ij have been found which are necessary and sufficient for A to be bounded, nor has A been determined in the general case. For the more general problem we also need analogues of the notions of operator norm. For more details see 2, 3 . The family of norms that has received much attention during the last decade is the Schatten norm.
A proper two-sided ideal T in L H is said to be a norm ideal if there is a norm on T satisfying the following properties: i T, · T is a Banach space;
ii AXB T ≤ A X T B for all A, B ∈ L H and for all X ∈ T;
iii X T X for X a rank one operator. For any nonnegative integer n, the nth singular value of T ∈ LC H is defined by
Here · is the operator norm. Clearly, s 0 T T and
Thus s n T is the distance, with respect to the operator norm, of T from the set of operators of rank at most n in L H . The spectral theorem shows that the singular values of the compact operator T are the square roots of the eigenvalues of T * T as long as H is separable and infinite dimensional. Notice that s n T can be defined for any T ∈ L H but clearly, s n T → 0 if and only if T is compact.
The Schatten Von Neumann class S p S p H , 0 < p < ∞, consists of all operators T ∈ LC H such that
If 1 ≤ p < ∞, then · S p is a norm, which makes S p a Banach space. For p < 1, · S p does not satisfy the triangle inequality, it is a quasinorm i.e.,
and C, a constant , which makes S p a quasiBanach space. We will be mainly concerned with the range 1 ≤ p < ∞. The space S 1 is also called the trace class and S 2 is called the Hilbert-Schmidt class. The linear functional trace is defined on S 1 by
where {ε n } n≥0 is an orthonormal basis in H. Moreover, the right-hand side does not depend on the choice of the basis. If 1 < p < ∞, the dual space S * p can be identified with S q with respect to the pairing T, R trace TR It may be noted here that the Adamjan, Arov, and Krein theorem has had a considerable influence on the treatment of the problem that arises in engineering applications in the context of model reduction, that is, the problem of finding a simple model to replace a relatively complicated one without too great a loss of accuracy. In view of this it would be nice to have a satisfactory characterization for Schatten class Toeplitz operators on the Bergman space.
In this paper we find necessary and sufficient conditions on φ that will ensure that the Toeplitz operator T φ belong to S p , 1 ≤ p < ∞. This will provide some quantitative estimates size estimates of these operators in terms of norms. We will also use S ∞ to denote the full algebra of bounded linear operators from the Bergman space L 
/2i
and since S p is a Banach space and is closed under adjoints, hence T φ 1 and T φ 2 belong to S p . From 1 , it follows that
p see 6 . Now let 1 ≤ p < 2 and assume T φ ∈ S p . This implies T φ 1 , T φ 2 ∈ S p and therefore by 1 , 
Proposition 2.4. If φ ∈ L ∞ D then T φ is compact if and only if T φ•φ z is compact.
Proof. This follows from the fact that T φ•φ z U z T φ U z and as U 2 z I.
Proof. Observe that
2.1
Similarly, we have
a and all z ∈ D, we have
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2.2
Let h > 1. The generalized Kantorvich constant K p is defined by
for any real number p and it is known that K p ∈ 0, 1 for p ∈ 0, 1 . We state below the known results on the generalized Kantorvich constant K p . 
for any p ∈ 0, 1 .
2.5
The Kantorvich constant K p is symmetric with respect to p 1/2 and K p is an increasing function of p for p ≥ 1/2, K p is a decreasing function of p for p ≤ 1/2, and 
Proof. Suppose p > 1 and
Hence by 2.4 ,
Hence from 2.5 , it follows that 
Schatten Class Operators
In this section, we will obtain conditions to describe Schatten class Toeplitz operators on Bergman space L 
This implies
Then by Heinz inequality 10 , |1 − wz|
is justified by the positivity of the integrand.
We will prove T φ ∈ S p . The case p ∞ is trivial. By interpolation we need only to prove the result for p 
3.8
Thus
It is not so difficult to verify the conditions in Theorem 3.1. and changing the variable to y − log t, this reduces to 
In other words, f is also subharmonic. Proceeding by induction, if we define Bg g on L 2 D, dλ then we obtain B n f is subharmonic for all n ∈ N and {B n f} n∈N is a nondecreasing sequence of functions. Suppose that * * holds and let z ∈ D be such that P φ • φ z P φ • φ z 0 and P φ • φ z P φ • φ z 0 . Then this implies T φ k z c z k z and T φ k z c z k z . Hence T φ has an eigenvalue. From 1 , it follows that φ is a constant and T φ is not compact unless φ ≡ 0.
